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∑
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∑
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∑
z∈F2n
(−1)
R$r
(λz3) = F(gλ).
RSj^bk^hk{oBWdfgijksW
x 7→ xd
^hk
3
¡*esaQ¡
1
rsa,V
F
∗
2n
esa>eSUWksWe
{ z3 | z ∈ F2n }
±Bkn^b]jdW
ud = vd
^£¥fg]Ox
a,]U`bm­^£
(u/v)3 = 1
±FeSjfe{^hk
u = vβ
§SUWrW
β ∈ F∗4 ¦Na§§WSOfÁQW
F(fλ) = F(gλ)
§^£eS
gλ(x) =
R®r
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2n+1 + 2n+2g+1
(
22g + 2g − 1
) fg]jx
ν(fα) = 2
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δ(F ) = max
a6=0, b∈Fn2
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Na§!±j§W|BaQ^b],e2aQiye{eSjfeCkna,V5WrsW-kniU`_ekNaQ]#esSjWksiUV5¡*aQÚ¡ækp@ijfgrW^_]jxU^bdfesa,rk{agesSUWd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∑
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∑
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δ(a, b) ∈ {δ(F ), 2, 0}
a,r{fg`b`
b ∈ F2n ¦ ¤aQrWa,Wr-±,§WSjfÁQW
δ(F )−2
∑
i=2
iAi = 2
n − δ(F )Aδ(F ) .
n«-XQ 
RSFijk±
∑
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∑
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µ∈F2n
F2(D1fµ) =
∑
µ∈F2n
F2(Dafµ) .
	 rsa,V esSjW!|UrsWF^_a,ijk|Ursa,|Oa@kn^_es^baQ]®±y§wW!xyW-xyijd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δ(a, b) = 4 ¦ RSUWrsWaQrWQ±F§WCSOfÁQW
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 + A2n+3
n«@ 
§SjWrW
A =
∑
a∈F∗
2n
A4(a) ¦ NageWesSOfe±
^_4esSjW5ksiUV5¡*aQÚ¡ækp@ijfgrW!^b]jxy^hdfeaQr}kNfQrsWksijd}S¤eSjfe>u«@ {^bkkfe^bkn¢jW-x­a,r
A ∈ {1, 2}
±,esSUW]
δ(F ) = 4 ¦  ]OxyWW-x
± δ(F ) = 2 ^bV>|U`b^_W-kesSjfge
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 ,
raQV vwaQraQ`b`hfgrm­« ¦ ¤a,rsWaQWr-±^_ δ(F ) ≥ 6 ±,§WNxyW-xyijdWNrsa,V qrsa,|Oa@kn^_es^baQ]   fg]jxRSUWa,rsWV XeSjfe
∑
λ∈F∗
2n
ν(fλ) =
∑
a∈F∗
2n
∑
λ∈F2n
F2(Dafλ)
≥ (2n − 1)22n+1 + 3 · 2n+3 .
RSjWNdf,knW
A = 2n−1
^_]Ãn«F ^bkwfQd}SU^bW,Wx5oFmeSUW{^b]FQWr}ksWiU]jde^_a,]­§SU^hd}S'^bkwkniOd}SeSjfe
A4(a) = 1a,rKfQ]Fm!]UaQ]U©Wra
a ¦
 a§wWQWr-±-§wWdfQ]§wa,]jxyWr$§SUWesSUWr4kna,V5WwiU]jdes^baQ]jk F §^_esS δ(F ) = 4 fQd}Sj^_WQWf5`ba§wWrÁfQ`_ijW2a,r
A ¦ RSFijk±FesSjWaQ`b`_a§^b]Uc5aQ|BW]|UraQoU`bWVfQrs^hksWk ¦
 .³ -  ·  o ³   ! $9*`!:m>,+'m3N:.0$2C.*
F
C.*
F2n
d
n
 *.*,di$99"  #C;(>,C.*]*S2
fλ
d
λ ∈ F∗2n
d
3, #"c^"?:;
δ(F ) = 4
:.*]
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 + A2n+3
=C;' +C. $9*SJl'
A < 2n − 1
a
   "  	$   ¨ "#	$#
N]^b]y¢j]U^_esWd`hfQkklaQjp@ijfQxyr}fe^bdw{qôiU]jdes^baQ]jk±§SU^hd}SfQrsW¥]jage$W-p@iU^_fQ`_W],e$esafg]FmC|Oa§Wr®iU]jde^_a,]l±
§fQkd}Sjfgr}fQdesWr^b©WxôQWrsm rsW-dW]@e`_m°ksWW T .WCfQ]jx Tb«ÁW  ¦ RSU^hkxy^hks|Ursa,Wk'f daQ]tuW-desijrsW¤a,]{q
  » ï
XQ   'e+'#d :.*SJ#:.3N<d5"?:;'0>`$9* :.*`5:;$;B K	5"?:#>`3N
ij]jde^_a,]jk#agxyWcQrWW
2
±2kfÁmF^_]Uc esSjfgeksijd}Sij]jde^_a,]jkfgrWIWp@iU^bfg`bW]@eeaôeSUW|Oa§WriU]jdes^baQ]jk
x 7→ x2
k+1 a,Wr
F2n
§^£eS
gcd(k, n) = 1
fg]jx
1 ≤ k ≤ n/2 ¦ 
 WrWQ±¥§W¤da,],ers^boUiyeWeaesSUWd`bf,ksks^_¢Odfges^baQ]aQ{q p@ijf,xyrfges^hd¤iU]Odes^baQ]Ok ¦  W|UraQWÃeSjfe#esSjWrWfQrsW]Ua {q p@ijfQxUrfges^hdij]jde^_a,]jkaQ]
F2n
aQ®esSjWaQrV
F (x) =
n−1
∑
i=1
cix
2i+1 , ci ∈ F2n ,
n«-Q 
W+MUdW|UeCeSUW'|UrWF^baQijks`_mIV5W]@es^baQ]UW-xI|Ba§wWriU]jdes^baQ]jk ¦  W'§^b`b`¥ijksWeSUW 
 WrsV>^_esWe4 kdrs^_esWrs^baQ] ¦ |jrsaFagKag$esSUW!]UW+MFeesSUWaQrWVdfg]#oOWa,iU]jx#^_] TÌXQXF±ORSUWa,rsWV ¦ ;W ¦
 ³F·  ³  
 T 
 WrsV>^_esW4 kdrs^_esWrs^baQ]?W  Fq @H :;*,)" *,$9 "UB mC =  #"?:.'H: +J+'$j<$2 p a (]"?+*!:_>,C.BX.K*]C.A$2:.B
P ∈ Fq [x]
$j-: >?+'A3NJ:;<$2C;*A>?C;Bf.*`C;m$2:;BCQ=
Fq
$ =-:.*] C.*SBfG$ = @#C;9"Z=C;B9BDC i$9* #C;*`.$90$2C.*,
",C.BD 
 
P
"?:. 
	%: +<BXC.*` ')CEC.U$9*
Fq

 # =C;'c#: #" $9*,e+'
t
i$99"
1 6 t < q − 1
3, #" 9",:.
t 6≡ 0 (mod p)
d 9",;'HH CQ=
P (x)t
(mod xq − x)
$j B # 9",:.* C;' #13,:;B JC
q − 2
a
 ]aQr}xyWrwea­kn|BWd^£maQiUr|Uijrs|Ba,ksWQ±y§W¢jr}kue{xy^hksdijkkkna,V5Wa,|OW]|UraQoj`_WV>k ¦
        	   	
  
 We
F
oOW<f p,iOfQxyr}fe^bdiU]jdes^baQ]0a,]
F2n ¦ RSUW]l±aQrfQ]Fm a ±weSUW¤iU]jdes^baQ] DaF ^bkf.F']UW¤aQrdaQ]jknefQ]@e ¦ RSFijk±y^_e{^hkaQoFF^_a,ijks`_m­xyW-xyijdWxrsa,Vq¥raQ|Ba,ks^£e^_a,]I« [
  ·  · o<oy ´ 
   *Sm13,:e.'):;<$2 =#3N*] 0$2C.*
F
C;*
F2n
$j    $ = :;*`GC.*SBf $ ==C.' :.B9B]*`C;* E+')C
a
d ^"?
++
{DaF (x), x ∈ Fn2 }
$j :8:;UCQ=m HCE.$9+*?$2C.*
1
a
z{WdfQ`_`UesSjfge§SUW]
n
^hk4ayxUx5esSjW]­fg]Fm5p,iOfQxyr}fe^bdiU]Odes^baQ]
F
^hk{qw^_
fQ]jx>aQ]j`_m^£
^_e^bkw ¹ ±geSjfe
^hkfg`b`KdaFaQr}xy^_]OfesWiU]jdes^baQ]jkaQ
F
fgrW|j`bfgesWfQiUWxÃaQ|ye^_V'fg` ¦ {aQesWesSjfge!§wW|Ursa,WxeSU^hk2|jrsa,|OWrneuma,r]UaQ]p@ijfQxUrfges^hdNij]jde^_a,]jkoFmvwaQraQ`b`hfgrm'X ¦¤a,rsWc,W]UWrfQ`_`bmQ± ¹ W]jxy^b]Uc!WefQ` ¦ ^b]@esraFxUijdW-xc +')CECe#iU]jdes^baQ]jk^_]Tb«g±@X@W ¦ PFiOd}S­fCiU]jde^_a,] F^hk{xyW¢j]UW-xa,]
F2n
§^£eS
n
ayxUxfg]Ox^hk{ksijd}SesSjfge{aQr{fQ`_`l]jaQ]#©Wra
a
±UesSUWksWe
{DaF (x), x ∈ Fn2}^hkfQ]f;F>]jW'S@mF|BWr|U`hfg]UW ¦ vwrsaFa,¯QWxÃiU]jdes^baQ]jkfQrsW' ¹ fg]OxIeSUW­a,]U`_mI¯@]ja§]h +')CECe#5iU]jdes^baQ]jkfQrsWp@ijfQxUrfges^hd ¦
 .³ -  ·  o ³  
  C.*?0'3, _ 'HCC # =#3N*` +<$2C;*? "%$2 #" :;') *`C._13,:e.'):;<$2 Ea
N]UageSUWr!|jrsa,oU`_WV^hk!fgoBaQiye!eSUW­d}Sjfgr}fQdesWrs^b©fges^baQ]ÃaQ{qw p@ijfQxyr}fe^bdiU]jdes^baQ]jk§SU^bd}S fgrW>]Uage
f;F']UW`bm!Wp@iU^bfg`bW]@eesa!fN|Ba§WrKiU]jdes^baQ] ¦ {aQesWesSjfge4^_]cTÌEW*± ¹ iOxUfgc,S@m@fg]l±QvfQrs`bWe¥fg]Oxqagese¥WMySU^boU^£eeSUW>¢jr}kue!¯F]Ua§] {q iU]jde^_a,]jk!§SU^hd}S fgrW5]jagef.F']UW`_m<Wp@iU^bÁfQ`_W]@eCea¤f|Oa§WrCiU]jdes^baQ]l±$oUiye
eSUWksWfgrWwaQOxyWcQrWWcQrWfeWr$esSjfQ]
2 ¦ RSjWw¢Orkned`bf,kskKaQB{qw0p,iOfQxyr}fe^bdiU]jdes^baQ]jk±g]UaQeW-p@iU^_fQ`_W],eeaf|Oa§WrNiU]jdes^baQ]l±
§fQk2rsW-dW],e`_mW+MFSj^_oU^_esW-xÃ^b] T ;W¥fg]Ox Tb«ÁW ¦  eC^hkdaQV>|Ba,ksWx¤aQoU^b]UaQV>^hfg`hkNaQvw`bWfQrs`bmQ±esSjWd`bf,ksks^£¢Bdfe^_a,]!agjNq p@ijf,xyr}fes^hdiU]Odes^baQ]Ok®^hk®]jage$m,WefQd}SU^bW,Wx ¦ F2n [x] §^£eS n = 3kfQ]jx
gcd(3, k) = 1 ¦
ëlë º
  BXGC.#8+'^=H + C.*SBf$9*`#:;' =#3N*` +<$2C;*? XU«
 .³ -  ·  o ³   ! $9*`A*`   +BD:.H+ZCQ=     1+3,:;'):.0$2 i=#3N*] 0$2C.*,a  C;J:e@Bfd`>]')C *. ^"?:.i^"?+')
:;')    1+3,:.'H:.0$2 =#3N*` +<$2C;*?"%$2 #"c:.'HR*]C. #13N$ *.:.B *SCA:8>,C  +'=#3N*] 0$2C.* =C.'
n 6= 3k
d ",'H
gcd(3, k) = 1
a
 ]ÃesSUW5]UWMFe!knW-de^_a,]l±O§W|jrsa,W!esSjfge2eSUWd`bf,ksk2agp@ijf,xyr}fes^hdiU]Odes^baQ]OkCxUW¢j]UW-xÃoFm u«Ág {^hkC{qa,]U`bm<§SUW] ^£e5^bkfg] Nq |Ba§wWr!iU]jdes^baQ] ¦ {age}fgoU`bmQ±KaQijr]UW+M@e5RSUWa,rsWV   SOfQkeSUW­a,`_`ba§^_]jcdaQ]jksWp@iUW]jdW ¦
-  ·/.·    ·+
F
@#A:.*S
13,:e.'):;<$2 U=#3N*] 0$2C.* "%$2 #" $j *`C.8:->?C+ ' =#3N*] 0$2C.*]a (]"?+* $ =
F$j   $9<m
	>]')H$2C;*  #C.*SJ:;$9*? :._BD#:.#(C;*` J+' CQ=-^"?U=C.'
cx2
i+2j d c ∈ F∗2n d "?+') i > 0:;*`
j > 0
a
           (	
  )(.*.
NageW2eSjfen«-Q w^hk]UageeSUW!cQW]UWr}fg`BWMy|UrWkkn^baQ]agp,iOfQxyr}fe^bdNiU]jdes^baQ]jka,]
F2n
ks^b]jdW^_exUa@W-k]Uage
^b]jd`_ijxUW{fg]Fm!esWrsV agBesSUW{aQrV
x2
i+2j ±,§^£eS i, j > 0 ¦  ]5esSjW{ageSUWr4SjfQ]jx
±,]UageWesSjfge¥^£ F ^hk¥NqeSUW]
F + L
^bkNq°esaFaj±F§SUWrsW
L
^bkfQ]@m'f;F>]jWC|BaQ`bmF]UaQV>^hfg` ¦  WC¢jr}kue|UraQWNfijksWiU`
`bWV>V'f5^_]a,rxUWr¥ea5d}SOfgr}fQdeWr^_©WesSjWCNq°|Ursa,|OWrneum5a,rweSUWd`hfQkkaQ$p@ijfQxyr}fe^bd{iU]jdes^baQ]jkxyW¢j]UWxoFm¤u«-,  ¦
w³     5+
H
@HA:Z>,C.BX.*`C.A$2:.BiC.*
F2n
3, #"^"?:.
H(0) = 0
:;*`:;<$j^=#.$9* 
∀ a, ∀ b, a 6= b 6= 0, H(a) 6= H(b),
n«    
:;*`
H(e) = 0
=C;' : 3N*S$213,
e 6= 0
a(]",* 9",me;')#ACQ=
H
$j 
	%: +<Bf
2n − 1
a
_')CC =aPF^b]jdW
H(0) = H(e) = 0
±@esSjW]
H
^hkw]jagef|BWrViye}fes^baQ] ¦ RSjWC^bV'fgc,WNag H ±]$2a9ab±yeSUW!knWe
I = {H(x)|x ∈ F2n}
±$da,]@efg^b]jkCWMUf,des`bm
2n − 1
W`bWV>W]@ek±l^b]jd`bijxy^b]Uc
0
±l§SU^hd}SfQ|U|OW-fgr}k2eu§^bdW ¦RSFijkNesSjWrW^hkNa,]U`_ma,]UW]Ua,]U©WrsaW`bWV>W]@e±
kfÁm
β ∈ F∗2n
±B§Sj^bd}SÃ^hkC]UageC^_]
I ¦  WeCiOk2xyW¢j]UWesSUW|BaQ`bmF]UaQV>^hfg`
P
aQ]
F2n
oFm
P (x) =
{
H(x)
aQr
x 6= e
β
aQr
x = e
.
RSjW] eSUW^bV'fgcQWag
P
Sjf,kdfQrxU^_]jfQ`_^_eum
2n
±4V>Wfg]j^_]UcIesSjfge
P
^hkfI|OWrsViyefges^baQ] ¦ Na§ §wW#fgrWc,aQ^b]UcesaWMy|UrWkkesSUWN|Oa,`_mF]Ua,V5^hfg`
W = H +P ¦ {aQesWeSjfe-±QraQV esSjWNxyW¢O]U^£e^_a,]­ag P ± W (x) = 0ij]U`_W-ksk
x = e
fQ]jx
W (e) = P (e) = β ¦  Wd`bfQ^_VesSjfgeeSUW!iU]U^hp@iUW!rW|UrWksW]@efges^baQ]ag W V>ayxyiU`ba
x2
n
+ x
^bk [
W (x) = β
(
(x + e)2
n−1 + 1
)
.
RSj^bk2^bkks^_V>|U`bmoOW-dfQijknWesSUW5r^_c,S,es¡*SOfg]jx|BaQ`bmF]UaQV>^hfg`fgoBaQWSjf,k2xUWcQrWW
2n − 1
fQ]jxÃ^hkNW-p@ijfg`$esa
W
aQrW-fQd}S
x ¦ RSFijk§W|Ursa,Wx­esSjfge
P (x) = H(x) + β
(
(x + e)2
n−1 + 1
)
.
Py^_]jdW
P
^hkf|BWrViUefe^_a,]l±y^_ekxyWcQrWWC^bkfgeV>a@kue
2n − 2
ÚraQVRSjWaQrWVg  ¦ RSU^hk^bV5|j`_^bWkeSjfe
H
ViOkue{SjfÁ,WNeSUWesWrsV
βx2
n−1 + ^_ek{xUWcQrWWC^hk 2n − 1 ¦ 
  » ï
X,X   'e+'#d :.*SJ#:.3N<d5"?:;'0>`$9* :.*`5:;$;B K	5"?:#>`3N
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F
@#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 @ 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a(]"?+*?d
F
$j    $ =:.*] C;*,Bf$ =^"? >,C.Bf.*]C.A$2:.B
Q : x 7→ F (x)/x2
d $2a9EaDd
Q(x) =
n−1
∑
i=1
cix
2i−1 n«Ág 
$j : >?+'m3N:.0$2C.* >?C;Bf.*`C;m$2:;BC;*
F2n
a
_')CC =a 	 a,r{fg]Fm a ∈ F∗2n ±y§WCSOfÁQW
DaF (x) =
n−1
∑
i=1
ci
(
x2
i
a + xa2
i
)
+ F (a) .
RSjW]l±®esSUW­ksWe
{DaF (x), x ∈ Fn2 }
Sjf,k!dfgr}xy^b]jfg`b^_eum
2n−1
^£fg]jx<aQ]j`_mÃ^_esSUW­f;F>]jW'|Oa,`_mF]Ua,V5^hfg`
DaF
SjfQkf5¯QWrs]jW`
ag4xy^bV>W]jks^_a,]
1
±y^ ¦ W ¦ ±
n−1
∑
i=1
ci
(
x2
i
a + xa2
i
)
6= 0
aQr{fg`b`
x 6∈ {0, a} ,
a,rWp@iU^bÁfQ`_W]@es`bm<oFmxU^_F^hxy^_]jc'o@m
xa
eSUW!|Oa,`_mF]Ua,V>^bfQ`lfgoBaQW-  [
n−1
∑
i=1
cix
2i−1 6=
n−1
∑
i=1
a2
i−1 aQr{fQ`_` x 6∈ {0, a}.
RSOfel^hk
Q(x) 6= Q(a)
aQr$fQ`_`
x 6∈ {0, a} ¦ RSUWrsWaQrWQ± F ^hk®Nq ^_Ufg]jxa,]U`bmN^_@a,r®fg]FmNeu§wa{xy^hknes^b]jde
a
fQ]jx
b
^b]
F
∗
2n
±
Q(a) 6= Q(b) ¦ ¤a,rsWaQWr±O^£¥eSUWrWW+My^bknek a 6= 0 kniOd}S¤esSjfge Q(a) = Q(0) = 0 ±eSU^hkW`bWV>W]@e
a
^bkij]U^bp@iUW ¦  ]<esSU^hk!df,knW,±
§wW5¯F]Ua§¨raQV  WV>V>f<«5esSOfe Q Sjf,kxyWc,rsWW 2n − 1 ±§Sj^bd}S¤^hk{^bV>|Oa@ksks^_oj`_W ¦ RSUWrWa,rsW,±yesSUW|UrWF^_a,ijk{daQ]jxy^_es^baQ]¤^hk{W-p@iU^_fQ`_W],eNesa'eSUW!fQdeNeSjfe Q ^hkNf|BWrViUefe^_a,]|BaQ`bmF]UaQV>^hfg` ¦ 
Na§!±,ijks^b]Uc 
 WrV5^_esWe4 kdr^_esWr^baQ]l±,aQ]UWCdaQV>|U`bWeW`bm5d}SOfgr}fQdeWr^_©WkeSUWN|BWrViUefe^_a,]­|BaQ`bm@]jaQV>^£¡fQ`bkagleSUW{a,rsV n«Á  ¦ RSU^bkw§fQkf,deijfg`b`_m>|UraQW-x>oFm5q4fÁmF]UW TÌX   W7^b]fQ]UageSUWrdaQ]@eWMFe±@esSjWNcQW]UWr}fg`|jrsa,oU`_WV agZ9", #C.R>`BD+
e'A$9*`:;<$2C;* C =G:;B9B C *.C.$2. $9* ^"?Z>]')C+# +<$ *.->`BD:;*`
PG(2, 2s)
ksWW
fQ`bksa T_«-¬y±  WV>V'f¤ ¦ ,;Wfg]jx f#cQW]UWr}fg`b^_©-fe^_a,]I^b]hT XU«WÚ  ¦  W­cQ^bQW>SUWrsW'f¤xyWefg^b`bWx|Ura@aQw^b] aQiUrdaQ]@esW+MFe ¦  iUr|UraFag$rWp@iU^brWkwesSUWa,`_`ba§^b]Uc5esWd}Sj]U^bdfg`
`bWV>V'f ¦
w³    % 5+
n
:;*`
µ
@#  C >,C$90$ *c$9*SJl'#1i$9^"
µ < n − 1
:;*` BD+
(u0, . . . , uµ)
:;*`
(a0, . . . , aµ)
@#   C1 C.').mCQ=-BD+*^"
µ + 1
i$99"  #C.R>?C;*`+*,< $9* ^"? '):.*e
[1, n − 1]
d 3, #"c^"?:;
:;B9B
ui
:.'Hm;$j#0$9*` +a+
u
:.*`
v
@# 9", $9*SJl'#  " *]H
@
u =
µ
∑
i=0
2ui
:.*]
v =
µ
∑
i=0
2ai+ui .
(]",*,d
xv−u ≡ x2
n−1 (mod x2
n
+ x)
$9*
F2n [x] ,$ = :;*`C.*SBf$ =
{ai + ui (mod n), i ∈ [0, µ]} = {ui, i ∈ [0, µ]} .
ëlë º
  BXGC.#8+'^=H + C.*SBf$9*`#:;' =#3N*` +<$2C;*? XV
_')CC =a PF^b]jdW
v > u
±FesSUWdaQ]Uc,rsiUW]jdW
xv−u ≡ x2
n−1 (mod x2
n
+ x)
^hkWp@iU^bÁfQ`_W]@eea
xv ≡ xu (mod x2
n
+ x) .
¹ iye-±U§WCSOfÁQW
xv ≡
µ
∏
i=0
x2
ai+ui (mod n)
≡ xv
′
(mod x2
n
+ x)
§SjWrW
v′ =
∑µ
i=0 2
ai+ui (mod n) ¦ RSUWrWa,rsW,± xv ≡ xu ^£4fg]Oxa,]U`_m^£oBagesS¤ksWe}k
{ai + ui (mod n), i ∈ [0, µ]}
fg]jx
{ui, i ∈ [0, µ]}
fQrsWWp@ijfg` ¦  ]jxUWWxl±OoBageSIknWek2SjfÁQWesSUW5ksfQV5Wdfgr}xy^b]jfg`b^_eumQ±jaQesSUWrs§^hksW!esSUW5da,]UcQriUW]OdW xv′ ≡ xuxUa@W-k]Uage{SjaQ`hx ¦ 
¹ mfQ|U|U`bm@^b]UcesSUW|UrWF^baQijk`bWV>V'f5§^£eS
µ = 1
±y§wWxyWxUijdW!f¢jr}kue]UWdWkksfQrsm'daQ]jxy^_es^baQ]aQrf
|BaQ`bmF]UaQV>^hfg`
Q
ag$esSUWa,rsV u«Ág wesa>oOWf5|BWrViye}fe^_a,]#|BaQ`bmF]UaQV>^hfg` ¦
-  ·/.·    ·  +
Q(x) =
n−1
∑
i=1
cix
2i−1, ci ∈ F2n .
$2=
Q
$j : >?+'A3NJ:;<$2C;*G>?C;Bf.*`C;m$2:;BC.*
F2n
d ^"?+* =C;' :.B9B
k
d
0 < k < n
d :. BD#:UC;*`ABD+*S $9*
^"?8>,:.$9'
(ck, cn−k)
$jE+')Ca
_')CC =a  W!ijknW 
 WrV>^£eW4 kdr^£eWr^_a,]HRSUWa,rsWVg §^_esS t = 2k + 1 ± k ∈ [1, n − 1] ¦  WSjfÁ,W
Q2
k+1(x) =
n−1
∑
i=1
n−1
∑
j=1
c2
k
i cjx
2i+k+2j−2k−1 .
 We
mi,j(x) = x
2i+k+2j−2k−1 ¦ RSUW!V>a,]UaQV>^hfg` mi,j SjfQkxyWcQrWW 2n − 1 ^_fQ]jx#aQ]U`bm­^_
x2
i+k+2j−2k−1 ≡ x2
n−1 (mod x2
n
+ x) .
Na§!±l§W5iOknW  WV>V'fX§^_esS
µ = 1
±
(u0, u1) = (0, k)
fg]jx
(a0, a1) = (j, i)
±®^ ¦ W ¦ ± u = 2k + 1fQ]jx
v = 2j + 2i+k ¦  WxyW-xyijdWesSjfge mi,j Sjf,kNxyWcQrWW 2n − 1 ^£fQ]jxaQ]U`bm^£ {0, k} = {j, i + k
(mod n)} .
RSj^bk2kn^_esijfges^baQ]ayddiUrka,]U`bm§SUW]
i + k = n
fg]Ox
j = k ¦ RSjWrWaQrWQ±FeSUWa,]U`_mesWrsVaQ¥xyWc,rsWW
2n − 1
aQ
Q2
k+1 Sjf,k{daFW+F'd^_W]@e c2kn−kck ¦  e{a,`_`ba§{kesSOfe{eSU^bk{esWrsVfg]U^hknSjWka,r2fg]Fm
k ∈ [1, n − 1]
§SjW]
Q
^hk{f5|OWrsViyefges^baQ]#|Oa,`_mF]Ua,V>^bfQ` ¦ 
Na§!±y§wWdfg]#|Ursa,WNeSUW!cQW]UWr}fg`BeSUWa,rsWV ¦
  » ï
Xg   'e+'#d :.*SJ#:.3N<d5"?:;'0>`$9* :.*`5:;$;B K	5"?:#>`3N
 ³F·  ³     >?C;Bf.*`C;m$2:;B C =
F2n [x]
CQ=-^"? =C.'
Q(x) =
n−1
∑
i=1
cix
2i−1, ci ∈ F2n
 #:;*,*`C;U@#A:Z>,'A3NJ:;<$2C;*>,C.Bf.*]C.A$2:.B3N*,BD#
Q(x) = cx2
k−1 i$9^" gcd(k, n) = 1 :.*` c ∈ F∗2n a C.*,+H1+3,+*,0Bfd :!1+3,:.'H:.0$2 (=#3N*` +0$2C.*
F
C *.'
F2n
C =A9",8=C.'    $j    $ =:.*]!C.*SBfc$ =
F (x) = cx2
k+1 i$9^" gcd(k, n) = 1 :;*` c ∈ F∗2n a
_')CC =a  We
k ∈ [1, n − 1]
oBWIksijd}S esSjfge
ck 6= 0 ¦  We r = n − 1 ^_ gcd(k, n) = 1 fg]jx
rk = n/ gcd(k, n)
aQesSUWrs§^hksW ¦  W!§^b`b`l|UraQWCo@m^_]jxUijde^_a,]#a,] µ esSOfe
c−µk = 0
aQr{fQ`_`
µ ∈ [1, rk − 1],
u«-, 
§SjWrW2fg`b`B^_]jxU^bdWkfgrWNxyW¢O]UWxV5ayxyij`_a
n ¦ 	 rsa,V esSUWC|UrWF^_a,ijk¥|jrsa,|Oa@kn^_es^baQ]l± k p@ijfges^baQ]In«, ¥SUaQ`hxUka,r
µ = 1 ¦ {a§!±j`_We µ < rk ¦  Wf,ksksiUV>WesSOfe c−µ′k = 0 a,r2fQ]@m 1 ≤ µ′ ≤ µ − 1 ±OfQ]jx#§wWfQrsWc,aQ^b]Ucesa'|UraQWNesSjfge
c−µk = 0 ¦  We u =∑µj=0 2kj (mod n) ¦
 W!SjfÁ,W
Qu(x) =
(
n−1
∑
i=1
cix
2i−1
)
Pµ
j=0 2
kj
=
µ
∏
j=0
(
n−1
∑
i=1
cix
2i−1
)2kj
=
µ
∏
j=0
n−1
∑
i=1
c2
kj
i x
2kj+i−2kj
=
∑
a∈[1,n−1]µ+1


µ
∏
j=0
c2
kj
aj

ma(x)
§SjWrW
ma(x) = x
Pµ
j=0 2
kj+aj −2kj
fQ]jx
a = (a0, . . . , aµ)
±
aj ∈ [1, n − 1] ¦ 	 rsa,V  WV>V'f¤Xy±$§wW'xyW-xyijdW>eSjfe!eSUW­fg`biUW-kag a aQr§Sj^bd}S
ma
Sjf,kxyWc,rsWW
(2n − 1)
fQrsWCeSUa,ksW!knijd}SesSOfe
{aj + kj (mod n), j ∈ [0, µ]} = {kj (mod n), j ∈ [0, µ]}
a,rWp@iU^bÁfQ`_W]@es`bm­esSja,ksWksijd}SesSjfge
aj = k(σ(j) − j) (mod n),
a,r{fg`b`
j ∈ [0, µ]
ëlë º
  BXGC.#8+'^=H + C.*SBf$9*`#:;' =#3N*` +<$2C;*? X,
a,r{kna,V>WC|BWrViUefe^_a,]
σ
ag
[0, µ] ¦ PF^_]OdWesSjWdaQrrWks|Oa,]jxy^b]UcV>aQ]jaQV>^bfQ`bk ma SjfÁQW!daFW+F'd^_W]@ek
bσ =
µ
∏
j=0
c2
kj
k(σ(j)−j) ,
§W!xyWxUijdWeSjfeesSjWdaFWF­d^bW]@e{aQ®esSjWesWrVaQKxyWcQrWW
(2n − 1)
^b]
Qu
^hkWp@ijfQ`7esa
∑
σ∈S′µ
bσ =
∑
σ∈S′µ
µ
∏
j=0
c2
kj
k(σ(j)−j) ,
§SjWrW
S ′µ
xyW]UaQesW-k4esSjWNcQraQij|5aQ
|OWrsViyefges^baQ]jkag
[0, µ]
ksijd}S>eSjfe
k(σ(j)− j) 6≡ 0 mod n
a,rwfQ`_`
j ¦  oFF^_a,ijks`_m,±,a,r{fg]Fm σ ∈ S ′µ ±U§wWSjfÁ,W
∑µ
j=0(σ(j) − j) = 0 ¦
Py^_]jdW
σ(j) 6= j
aQr{fQ`_`
j ∈ [0, µ]
±
eSUWrWCWMy^bknekfge`bWf,kueaQ]UWC^b]jxyWM
j ∈ [0, µ]
knijd}SesSOfe
σ(j)− j < 0 ¦  $esSUWrsWCWMy^hkue}kf j ksijd}SesSjfge
−(µ− 1) ≤ σ(j) − j < 0
±FesSjWdaQrrsW-kn|BaQ]Oxy^_]jcdaFW+F'd^_W]@e
bσ
^bkfViU`_es^b|U`bW!ag
c−k(j−σ(j))
±y§SU^hd}S
fQ]U^bksSUW-koFm ^_]jxUijde^_a,] SFm@|BageSUWks^hk ¦  eSUWr§^hknW,±$eSUWa,]U`bm j a,r§SU^hd}S σ(j) − j < 0 ksfges^hku¢jW-k
σ(j) − j ≤ −µ ¦ RSUWrWa,rsW,± σ daQrrsW-kn|BaQ]jxjk¥ea>esSUWa,`_`ba§^_]jc|BWrViye}fe^_a,]
j = 0 1 2 . . . µ − 1 µ
σ(j) = 1 2 3 . . . µ 0
ÃaQrWaQWr±esSU^hk|OWrsViyefges^baQ]
σ
oBW`baQ]Uc@k>esa
S ′µ
oBWdfgijksW
k(σ(j) − j) 6≡ 0 mod n
kn^b]jdW
µ <
n/ gcd(k, n) ¦ RSjWrWaQrWQ±@eSUWdaFWF­d^_W],eaQxyWcQrWW (2n − 1) aQ Qu ^bk
µ−1
∏
j=0
c2
kj
k c
2kµ
−µk .
Py^_]jdW
u
^hkW,W]l± 
 WrV>^£eW4 k{dr^£eWr^_a,]eSUW]¤^bV>|U`b^_W-kesSjfge c−µk = 0 ^_ Q ^hk|BWrViye}fes^baQ]|BaQ`bmF]Uag¡V>^hfg` ¦RSUWrsWaQrWQ±y§WSjfÁQWC|UraQWxoFm­^_]Oxyijde^_a,]#esSjfge
c−µk = 0
a,r{fg`b`
µ ∈ [1, rk − 1] ¦ RSUW]l±
  ^£ gcd(n, k) = 1 ±y§WSjfÁQW
{−µk (mod n), µ ∈ [1, n − 2]} = {1, . . . , n − 1} \ {k} ,
^_V>|U`bmF^_]jc>esSjfge
Q(x) = ckx
2k−1 +
  ^£ gcd(n, k) = d > 1 ±§W¤SjfÁQW|UraQW-x eSjfe c−(rk−1)k = 0 §SUWrW n = rk gcd(k, n) ¦RSUWrWa,rsW,±
−k(rk − 1) ≡ k mod n
±y^_V>|U`bmF^_]jc>esSjfge
ck = 0
§SU^hd}S^bkf>daQ]@esr}fQxy^hde^_a,] ¦

  » ï
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|UraQoj`_WV>k ¦ {V>a,]Uc eSUa,ksWÃaQ|BW]0^hkkniUW-k±a,]UWIaQesSUW<V5a@kue^bV>|Oa,rne}fg]@e!aQ]UW-kraQV f¤drsmF|yeaQcQr}fg|jSU^bd|BaQ^b],eaQF^bW§ ^bk!esSUW'W+MF^hknesW]OdW'ag{qw |OWrsViyefges^baQ]jk
xUW|BW]jxy^b]UcaQ]ôfQ]ôWQW]ô]@ijVoBWr>ag{fgr^hfgoU`bWk ¦  W§fQ]@eesa<V>W]@es^baQ] fg`hkna ^b] esSjWWQW] df,knWÁ eSjfe5aQiUrrsW-knij`£ea,] esSjW]Ua,]U`_^b]UW-fgr^£eum<agN{qw|Ba§wWr!iU]jdes^baQ]jk^hkdaQ]tuW-desijrsW-xesaIoBW­ersijW'aQr
fQ]Fm|Ba§wWr{iU]Odes^baQ]®±7aQr2f`_a,]Uc­e^_V>W ¦  ]¤eSUW5`bf,kueC|jfgrseNagesSU^hkN|Ofg|BWr-±B§WWV5|jSjfQks^_©WeSjfeCesSUWeSUWa,rsWes^hdfQ`7knesiOxymaQp@ijf,xyrfges^hd{ij]jde^_a,]jkrWV'fg^b]jkagKcQrWfge^b]@esWrWkne ¦
 
T_«+W!R ¦ ¹ W]jxy^b]Uc fg]jx  ¦ 	 aQ] xyWr 	 `hfQkk ¦ vwrsaFa,¯QWx iU]jdes^baQ]jk±oBW]@e'iU]jdes^baQ]jk±wfQ]jx xy^bknefQ]jdWrWc,iU`hfgrcQr}fg|USOk ¦ &UBD# +<')C;*`aNa  C.@$9*]ab±7ju«Á ±
«¬,¬Q ¦ z(VQ ¦
T X.W!R ¦ q ¦ ¹ WrcQWr-±, ¦ vfg]@esW-fgiye-±,q ¦ vwSjfgr|U^b]l±yfg]jx ¦  fQ^_c,`_W¡uvwSjfQ|UiUm ¦  ]{`bV>a,kneqWrsWd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